INTRODUCTION
Burgers' equation is a natural first step towards developing methods for control of flows. Recent references by Burns and Kang [1] , Byrnes et al. [3, 4] , Ly et al. [12] , and Ito and Yan [8] achieve progress in local stabilization and global analysis of attractors. The problem of global exponential stabilization in L 2 norm was first addressed by Krsti6 [9] . [4] or prevent finite blow-up [5] in the case of nonlinear reaction-diffusion equations. Nonlinear boundary conditions might cause finite blow-up [11] , even for the simple heat equation [7] .
With the introduction of cubic Neumann boundary feedback control we obtain a closed loop system which is globally asymptotically stable and semi-globally exponentially stable in H norm and, hence in maximum norm whenever the initial data is compatible with the equation and the boundary conditions.
For clarity, our treatment does not include external forcing as in [3, 4, 8, 12] . External For solutions to be classical, besides C 2+ smoothness of initial data, it is required that they satisfy the compatibility condition of order zero, i.e., 0+ + wg(0) w0 (0) w0(0) -, 5- e,-+-w(1) wo (1) w (1) ekllwolle-6t/2 IIw(t)ll _< kllwolt (3.22) This proves global asymptotic stability in the sense of the B-norm with (r, t)= kre'r2e-6t/2. It also shows semi-global exponential stability.
The last estimate also guarantees that sup max Iw(x, t)l < t_O xG [O,1] is arbitrarily large. The proof in [10] is based on linearization of the system, and on application ofthe Leray-Schauder theorem on fixed points. It is important to note that a crucial step in the proof is establishing uniform a priori estimates for the system. These estimates are for the H61der norms of solutions and hence are different from our Sobolev type energy estimates. The H61der estimates establish boundedness of solutions, while our energy estimates establish stability. The existence of strong (but not necessarily classical) solutions was proved in [8] using a different method.
SIMULATION EXAMPLE
It is well known (see, e.g. [2, 6] ) that nonlinear problems, especially fluid dynamical problems, require extremely careful numerical analysis. Typically there is a trade-off between convergence, accuracy and numerical oscillation. This is the case in particular when the initial data is large relative to the viscosity coefficient e in Burgers' equation.
Higher order methods are preferred to lower order methods only when the time and/or spatial step sizes are sufficiently small, where the smallness is a delicate question. It is not the purpose of our paper to find the best approximation scheme for our problem, simply to demonstrate our theoretical results. Our numerical simulation is based on an unconditionally stable, fully implicit scheme of second order accuracy, using three time level quadratic approximation in time and central difference scheme in space. The simulations were carried out on various platforms using several different numerical packages (OCTAVE, SCILAB, MATLAB), and they show grid independence for sufficiently small time and spatial grid.
We consider first Burgers' equation (2.1) with zero Neumann boundary condition (uncontrolled system) and then the regulation error system (2.4)-(2.7) with e 0.1 and with initial data Wo(X) Wo(x) Wa, where Wa= 3 and W0(x)= 20(0.5-x)3. The uncontrolled system is shown in Fig. l(a) . The solution seems to converge to a nonzero "equilibrium" profile, although it eventually approaches zero, which could be seen only for >> (in fact, for some initial data, the numerical solution gets trapped into this profile and never converges to zero [2] ). This unsatisfactory behavior is remedied by applying boundary feedback, as shown in Fig. (b) .
